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The application of the method of heat sources  to the problem of the tempera ture  developing 
in a continuous solid during the motion of an annular plane heat source in the lat ter  is p r e -  
sented. The resul ts  a re  applied to the calculation of the tempera ture  field associated with 
the drilling of glass with an annular diamond dril l .  

A number of technical operations involve the problem of calculating the temperature  which ar i ses  
under the influence of a moving annular heat source .  This applies in par t icular  to the diamond drilling of 
glass and other mater ia ls  with annular dr i l ls .  

In describing the tempera ture  fields in these and analogous p rocesses  two subsidiary problems usually 
a r i se :  1) the determination of the tempera ture  due to an annular plane heat source  moving in an infinite 
body; 2) the determination of the tempera ture  at the end of a thin rod (tube) compris ing two different mate-  
r ia ls ,  one heated at the end,one cooled along the sides.  Let us consider  the solution of these problems.  

A P l a n e  A n n u l a r  H e a t  S o u r c e  in an  I n f i n i t e  B o d y  

Let us suppose that we have an infinite body (Fig. t) with specified thermophysical  proper t ies ;  at an 
instant of time ~" = 0 a plane annular heat source  of intensity ql with external and internal radii  r 2 and r 1 
s tar ts  acting in the body, and at the same time s ta r t s  moving within it at a constant velocity s. The source  
acts for a t ime ~-. In order  to determine the tempera ture  field in the moving sys tem of coordinates xoyz, 
let us f i rs t  find the tempera ture  0 M due to the action of a s tat ionary instantaneous plane annular heat source .  
For this purpose we use an express ion descr ibing the tempera ture  field ar is ing f rom an instantaneous point 
heat source:  

where 

R 2 = 9 ~ + 9~ - -  2pp I cos (ix - -  ~I) + z2. 

Let  us integrate (1) f rom 0 to 2~r with respec t  to /~I and f rom r 1 to r 2 with respec t  to PI" We use the equa- 
tions for an instantaneous c i r cu la r  source  given in [1] and obtain 
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H e r e  J0(mP), J l ( m r l ) , J l ( m r 2 ) a r e  B e s s e l  funct ions of the z e r o  and f i r s t  o r d e r s ;  Io(ppi/2at ) is a B e s s e l  f unc -  
tion with an imag ina ry  a r g u m e n t .  If instead of a s t a t i ona ry  coord ina te  s y s t e m  (x0, Y0, z0) we take a moving  
s y s t e m  (x, y ,  z) with its o r ig in  in the cen te r  of the sou rce ,  moving along the z ax is ,  then z 0 = z + s f f  -~ ' i ) ;  
x 0 = x and Y0 = Y. Let  us subs t i tu te  the value of the coord ina te  z 0 into Eq. (2) and in tegra te  the e x p r e s s i o n  
with r e s p e c t  to ~'i ove r  the l imi t s  T i = 0 to r i = T 
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We thus obtain an equation for  ca lcu la t ing  the t e m p e r a t u r e  field due to a plane annular  moving  heat  s o u r c e  
at  any ins tant  of t ime  ~-. For  s teady heat  p ropaga t ion  ( T ~ )  we obtain 
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T r a n s f o r m i n g  the in tegra l  in the cu r ly  b r a c k e t s  [2], we finally obtain an exp re s s ion  for  the t e m p e r a t u r e :  
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In the p a r t i c u l a r  c a s e  with z = 0 we have 

w h e r e  

0 = qtFx, (5) 

F~:= ~ Jo (mp) Ja (mr2) 
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F i g .  1. D i a g r a m  to i l l u s t r a t e  the c a l c u l a -  
t ion of the t e m p e r a t u r e  f i e l d  due to a p l ane  
a n n u l a r  mov ing  h e a t  s o u r c e .  

a b 

7 ,o z 

So / e s o o,02 o, oo ~o# 

Fig .  2. Se t  of c u r v e s  fo r  d e t e r m i n i n g  the v a l u e s  
of  the fo l lowing  func t ions ,  a) F 1 ( c u r v e s  1, 2, 3, 4 
r e f e r  to s o u r c e  d i a m e t e r s  25, 20, 17, 12 mm) ;  b) 
F 2. Uni ts  a r e  a s  f o l l o w s :  s in r a m / s e e ,  FI ,  F2, 
and 1/c~ in c a l / e m  2 �9 s e c .  ~ 

C u r v e s  of the  funct ion  F i a r e  p r e s e n t e d  in F ig .  2a 
in r e l a t i o n  to the  v e l o c i t y  of f o r w a r d  mo t ion  of the  s o u r c e .  
The  func t ion  F i was  c a l c u l a t e d  u s i n g  the fo l lowing  v a l u e s  
in the equat ion :  r 2 = 6; 8.5; 10; 12.5 mm;  r 1 = 4.8; 7.3; 
8.8; 11.2 m m ,  w h e r e  p = r2; s = 0 .3-2  m m / s e c ;  X = 0.0023 
c a l / c m  . s e c .  ~ a = 0.0046 c m 2 / s e c .  

P l a n e  S o u r c e  a t  t h e  E n d  o f  a C o m p o s i t e  

Thin Cooled Rod 

Let us suppose that a rod of length I consisting of 

two parts l I and 12 with different thermophysical proper- 

t i e s  l i e s  a long  the x ax i s  (F ig .  3) and has  a c o n s t a n t  c r o s s - s e c t i o n a l  a r e a  fc and a p e r i m e t e r  H. A hea t  
s o u r c e  of i n t e n s i t y  q2 ac t s  in the  p l a n e  x = 0. The  s i d e s  g ive  out hea t  to the  s u r r o u n d i n g  m e d i u m .  L e t  u s  
w r i t e  down the equa t ions  of h e a t  conduc t ion  and the b o u n d a r y  cond i t ions  fo r  th i s  s y s t e m :  
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d202 

- - - - ~ e t =  0 0 < x < / ~ ,  

- -  - -  ~ 0~ = 0 I, < x < l , 
dx ~ 

01 = 0 c for X ---- 0, 

01 = 02 ~or x =/1, 

(dO, ] =~(  d% ) fo~ x=t,, 
~* \ dx ] l, \ dx l, 

( d%' l  = 0  for x = l .  - - L S ] ,  
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In Eqs .  (6) and (7): p~ = ( ~ H / l t f c ;  #~ = (o~H/X2fc),where o~ is  the  h e a t - t r a n s f e r  coe f f i c i en t  b e t w e e n  the r o d  and 
the s u r r o u n d i n g  l iqu id .  The  f o r e g o i n g  e x p r e s s i o n s  m a y  a l s o  b e  a p p l i e d  to a tube with  w a l l s  s o  thin that  the 
change  in t e m p e r a t u r e  a c r o s s  the wa l l  t h i c k n e s s  m a y  be  n e g l e c t e d .  In a tube with  thin w a l l s  coo led  f r o m  
wi th in  and wi thout ,  the  p r o p a g a t i o n  of  hea t  m a y  to a f a i r  a p p r o x i m a t i o n  b e  r e g a r d e d  as  l i n e a r ,  and the s y s -  
t e m  m a y  b e  l i k e n e d  to the  con t inuous  thin r o d  i l l u s t r a t e d  in F ig .  3. F o r  a tube 

1/ Y 2a . ~ 2a 
f~ = ~ (r~ - -  r~) ; H = 2~  (r~ + q ) ,  ~ = ~,,_b ' ~ = ~,~b ' 

w h e r e  

b -~- I" 2 - -  r 1. 
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Diagram to i l lus t ra te  the calculation of t empera tu re  
at the end of a composi te  thin cooled rod due to a plane heat 
source .  0 in ~ 

Fig. 4. Diamond dri l l ing of glass (schematic): 1) body of 
diamond drill;  2) d iamond-car ry ing  layer ;  3) glass subject  
to machining; mc) working end of dr i l l .  

The des i red  solutions of Eqs.  (6) and (7) with the specified boundary conditions take the form 

01 = Ale ~'x + Bze -~'x ; 

= A~e + B2e , 02 ~tx . --~ttx. 

Ce-p + D 
AI= C ( e - P + e ~ ) + D ( I + e ~ - P  ) 0~; 

Ce" + De n-p 
B 1 = 0~; 

C (e-P + en) + D ( l + e n-p) 

2 e  ~ + u - 2 k  
A~= o~; 

C (e-P + e =) + D (1 + e n-p) 

2e ~+" 
Bz = C(e-P + en) + D (1 + e n-p) 0r 

The dimensionless quantities C and D have the following meanings: 

C = l +  ~ ;  D = l  k---~" 

The power indices p, n, u, and k respec t ive ly  equal 

In o rde r  to de te rmine  the t empera tu re  at the end of the rod,  we use the well-known express ion  

( 0o i 
q~ = - -  ~'1 \ ~ h , = o "  

Differentiating Eq. {12), we obtain 

q2 = ~klPa (B~-  A1) 

(12) 

(13) 
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and fu r t he r  

whence  

w h e r e  

/ 2a~, 1 C (e n - -  e-P) + D (e ~-p ~ I) 
q2 = V ~ C(e -p - t - en ) - l -D(e '~ -p - t -  1) Oc' 

0c = q2 F2, (14) 

yz = C (e-P + e n) -}- D (e ~-p -}- I) 1 
C (e" - -  e-t 0 + D (e n-p - -  1) 1 /  2a1~1 

V b 

A cu rve  r e p r e s e n t i n g  the funct ion F 2 is given in Fig.  2b in r e l a t ion  to the h e a t - t r a n s f e r  coeff ic ient  a .  The 
funct ion was  ca lcu la ted  for  va lues  of X 1 = 0.35 c a l / c m  �9 sec  �9 ~ X 2 = 0.11 c a l / c m  �9 sec  �9 ~ and the s o u r c e  
r i n g  width b = 1.2 ram.  

T e m p e r a t u r e  i n  t h e  D i a m o n d  D r i l l i n g  o f  G l a s s  

The fo rego ing  two typical  p r o b l e m s  enable us to d e s c r i b e  the p ropaga t ion  of  heat  in a n u m b e r  of c a s e s ,  
p a r t i c u l a r l y  in d iamond dr i l l ing .  A s impl i f i ed  r e p r e s e n t a t i o n  of  the d i amond-d r i l l i ng  p r o c e s s  is i l lus t ra ted  
in F i g . 4 .  The cool ing  l iquid p a s s e s  into the gaps be tween the ou te r  and inner  s u r f a c e s  of the d r i l l and  dr i l l ed  
p a r t .  If we r e m e m b e r  that,  dur ing  the p r o c e s s i n g ,  the heat  is chief ly  evolved at the end of the dr i l l  m c (Fig. 
4), we may  w r i t e  down the fol lowing equat ion for  the tool on the bas i s  of Eq. (14) 

0r = q2Y~. (15) 

In view of the low t h e r m a l  conduct iv i ty  of the g l a s s ,  the heat  s o u r c e  at the end of the tool may  be r e -  
ga rded  as a plane annu la r  s o u r c e  moving  in an infinite body with r e s p e c t  to the m a t e r i a l  be ing dr i l l ed .  Then 
fo r  an externa l  point  on the con tac t  a r e a  of the object  we may  wr i t e  the fol lowing on the bas i s  of Eq. (5) 

01 -- q~Fx. (16) 

H e r e  

ql + q2= q - -  Pzv 

0.427f o 

It is eons ide red  that the whole  w o r k  of cut t ing is conve r t ed  into heat .  We do not know in advance  how the 
flux q is divided into ql and q2, but we m a y  d e t e r m i n e  this by c o m p a r i n g  the equat ions fo r  the t e m p e r a t u r e  
at the o b j e c t / a n n u l a r  dr i l l  eontac t  a r e a ,  based  on the eondi t ions  appl icable  to each of the componen ts  in-  
d ividual ly .  C o m p a r i n g  Eqs .  (15) and (16) for  the t e m p e r a t u r e  of points  ly ing on the d i a m e t e r  d 2 and then 
so lv ing  the equat ions  with the two unknowns qt and q2, we obtain 

Hence 

qF1 qY2 
q2 --  ; q~ = - -  

F1 + F2 Yl H- Fz 

P~v ( FiF2 / (17) 

By way of example  we m a y  p r e s e n t  the fol lowing data .  In the dr i l l ing  of a pla te  of c o m m e r c i a l  g l a s s  
with an A16MIF12  d iamond dr i l l  (100% concen t ra t ion ,  in one mode  the c i r c u m f e r e n t i a l  ve loc i ty  v = 2.8 m 
/ s e c  and the axial  f o r c e  1 ) = 20 kG), Pz  = 4.5 kG. The a r e a  of the work ing  end of the annular  dr i l l  fc = 0.408 
c m  2. Le t  us  d e t e r m i n e  the t e m p e r a t u r e  0 c a r i s i n g  in this c a s e .  F r o m  the cu rves  of  Fig.  2 we obtain F 1 
= 5 . 2 ,  F 2 = 4.24,  and then by Eq. (17) 

0 c _  4.5.2,8 5.2.4.24 N~ 170 ~ 
0.408.0,427 5.2 + 4.24 

Equat ion (17) ma y  a lso  be used  in the solut ion of o ther  analogous  technica l  p r o b l e m s .  
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N O T A T I O N  

a r e  the polar  coordinates  of an instantaneous point heat  sou rce  placed on a c i r c l e  of radius  

PI; 
a r e  the coordinates  of the point under considera t ion M; 
is the intensity of the instantaneous point heat  source;  
is the intensity of a plane annular  instantaneous heat  source;  
a r e  the the rma l  conductivity and the rma l  diffusivity of the ma te r i a l  (glass); 
is the bulk specif ic  heat;  
is the t ime f r o m  the onset  of the instantaneous heat pulse;  
a r e  the integrat ion var iab les ;  
a re  the cur ren t  values  of the t empe ra tu r e  in different  par t s  of the rod I 1 and l 2 in length; 
is the width of the source  annulus; 
a r e  the the rma l  conductivi t ies of the pa r t s  of the rod (tube) l 1 and 12 respec t ive ly ;  
is the h e a t - t r a n s f e r  coefficient  between the rod and the cooling liquid; 
is the c i r cumferen t i a l  (peripheral) fo rce  a r i s ing  in the diamond dri l l ing of g lass ;  
is the r a t e  of rotat ion of the dril l ;  
is the veloci ty  of the source .  
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